In this paper, a class of refinable functions is given by smoothening pseudo-splines in order to get divergence free and curl free wavelets. The regularity and stability of them are discussed. Based on that, the corresponding Riesz wavelets are constructed.
Introduction
We denote by Z and R the set of integers and real numbers, respectively. Let L p (R) stand for the classical Lebesgue space We write h = f * g for the convolution h(x) = R f (x -t)g(t) dt, defined for any pair of functions f and g such that the integral exists almost everywhere. Clearly,ĥ(ω) =f (ω)ĝ(ω) in the frequency domain, when all the Fourier transforms exist in that formula. Given g ∈ L  (R), {g(x -k), k ∈ Z} is called a Riesz basis of its linearly generating space, if for each {λ k } ∈  (Z) there exist two positive constants A and B such that 
The function φ in Definition  is said to be a scaling function, if it satisfies
for some sequence {a k } ∈  (Z). Define the Fourier seriesĉ of a sequence {c k } ∈  (Z) bŷ
Then the refinement equation (.) becomeŝ
The functionâ is called the refinement mask of φ. 
and the refinement of a pseudo-spline of Type II with order (m, ) is given by 
In order to smoothen the pseudo-spline, one can use the convolution method. Take the smoothed pseudo-spline 
Thus the symbol of φ n,m, becomeŝ
Therefore, we define the smoothed pseudo-spline by its refinement mask for Type I:
and for Type II:
where r ≥ m. When r = m, it is the pseudo-spline. When r = m, it can be considered as an extension of pseudo-spline. Define the translated form of the Type II by Then we get the differential relation
This inherits the property of a B-spline.
Remark  One may think that smoothing the pseudo-splines by convolving them with B-splines seems unnecessary since one can simply increase m of the original pseudosplines. However, by increasing m, we cannot get the differential relation (.), which is important for the construction of divergence free wavelets and curl free wavelets in the analysis of incompressible turbulent flows [, ].
Remark  Similar to the definition of (.), we can define a smoothed dual pseudo-spline by its refinement mask,
as an extension of dual pseudo-splines in [] and get the corresponding wavelets.
Remark  In addition, one can assume n ∈ R in (.) and (.), as a generalization of fractional splines in [] . http://www.journalofinequalitiesandapplications.com/content/2014/1/359
Some lemmas
This section gives some lemmas that will be used to prove several results of this paper. We start with some results from []. 
Lemma  []
With the two lemmas in hand, the basic property of the polynomial R r,m, , which will be used in Section , is given.
Lemma  For nonnegative integers r, m and
So the derivative is Q (y) = R r,m, (y) + R r,m, ( -y) = I + II, where Now, we compute them, respectively. For I, by using () of Lemma , one has
For II, by using () of Lemma , one has
, ], one has
This means Q(y) reaches its minimum value at the point y = /. Furthermore,
This completes the proof of (). For () of this lemma, since
we have S (y) = III + IV , where
and 
For IV , by () of Lemma , we have
, ], and for every j,
we have
This means S(y) reaches its minimum at point y = /. Furthermore, we have
This completes the lemma.
Regularity and stability of scaling function
In this section, we discuss the regularity and stability of a scaling function generated by the refinement mask of a smoothed pseudo-spline. Let
Then the decay of |φ| can be characterized by |â| as stated in the following theorem. 
Suppose that
)|)/ log , and this decay is optimal.
In order to use this lemma, one needs to consider the polynomial corresponding to L(ξ ). In fact, Dong and Shen give an important proposition to estimate it in the following proposition.
Proposition  [] Let P m, (y) be defined as in Section , where m, are nonnegative integers with
Combing Theorem  and Proposition , we have the following theorem, which characterizes the regularity of a smoothed pseudo-spline.
Theorem  Let  φ be the smoothed pseudo-spline of Type II with order r, m, , then
where
let  φ be the smoothed pseudo-spline of Type I with order n, m, . Then
Proof Notice that |L(ξ )| in Theorem  is exactly P m, (sin  ( ξ  )) and y( -y) = sin  (ξ ); one can easily prove this theorem by Theorem  and Proposition .
This theorem shows k φ ∈ L  (R) for k = , . Since r ≥ m, the regularity of φ is better than a pseudo-spline but the support is longer. For r = , m = , =  the smoothed pseudo-spline  φ r,m, is shown in Figure  (.) always exists. Furthermore, they assert that the existence of a lower Riesz bound is equivalent to
where  denotes the zero sequence in  (Z). Since a smoothed pseudo-spline is compactly supported and belongs to L  (R) for k = , , the stability is equivalent to (.).
Theorem  Smoothed pseudo-splines are stable.
Proof By the definition of refinement mask, for each fixed Therefore, the set of zeros of φn,m, (ξ ) is contained in that of φn,m, (ξ ) and this guarantees the stability of  φ(ξ ).
This theorem shows the stability of a smoothed pseudo-spline. From the definition of a Riesz basis, one can find that the translate of a smoothed pseudo-spline is also linearly independent.
Riesz wavelets
Since all smoothed pseudo-splines are compactly supported, refinable, stable in L  (R), the sequence of spaces (V n ) n∈Z defined via Definition  forms an MRA. The corresponding wavelets can be constructed by the classical method. Definê 
where L is the Fourier series of a finitely supported sequence with L(π) = . Suppose that
From the above theorem, the key step is to estimate the upper Riesz bound of |L(ξ )| and
and Notice that
Hence, | k L(ξ )| ≤ | kL (ξ )| for k = , . By using Theorem , one gets the desired result.
By definition, the wavelets are also in L  (R) and have the same regularity as the scaling function. Still, the support is longer than for pseudo-spline wavelets. For r = , m = , = , the smoothed pseudo-spline  ψ ,, is shown in Figure . 
